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We determine the frequency of regions of small-ﬁeld inﬂation in the Wigner landscape as an approxima-
tion to random supergravities/type IIB ﬂux compactiﬁcations. We show that small-ﬁeld inﬂation occurs 
exponentially more often than large-ﬁeld inﬂation. The power of primordial gravitational waves from in-
ﬂation is generically tied to the scale of inﬂation. As for small-ﬁeld models this is below observational 
reach, their exponential enhancement seems to indicate a tendency towards small tensor-to-scalar ra-
tio r. However, cosmologically viable inﬂationary regions must provide for a successful exit from inﬂation 
into a meta-stable dS minimum. Hence future work will need to determine the ‘graceful exit likelihood’ 
before any statement about the statistically expected level of tensor modes r is possible.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Recent years have seen both the advent of precision cosmology 
giving strong indications [1–9] for an early phase of cosmologi-
cal inﬂation [10–14], and theoretical evidence for an exponentially 
large landscape of meta-stable de Sitter vacua [15–28] combined 
with the ﬁrst models of inﬂation in string theory [29–31]. As the 
number of inﬂationary model realisations and ﬁnal states provided 
by dS vacua with small vacuum energy is quite possibly extremely 
large, a description of inﬂationary observables is in need for a sta-
tistical description if one wishes to move beyond the lamp posts 
given by existing explicit constructions.
Inﬂationary models are generically sensitive to the presence of 
higher-dimension operators (e.g. from radiative corrections or in-
tegrating out heavy ﬁelds), and this sensitivity naturally splits the 
model space into two parts [14]. In small-ﬁeld models of inﬂa-
tion [11,12] the effective canonically normalised inﬂaton scalar 
ﬁeld evolves parametrically less than a Planck distance in ﬁeld 
space during the 60 efolds of cosmologically necessary inﬂation-
ary expansion. Control of dimension-six corrections to the scalar 
potential is suﬃcient for this class. Large-ﬁeld models [13] in-
volve the inﬂaton crossing a parametrically super-Planckian dis-
tance φ60 during the same 60 efolds. In such models, success-
ful slow-roll inﬂation necessitates the suppression of corrections 
at any dimension which amounts to the presence of a protect-
ing symmetry [14]. The only extant symmetry capable of pro-
tecting large-ﬁeld inﬂation and which has been embedded into 
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SCOAP3.string theory so far has been a shift symmetry of an axion-like 
pseudo-scalar ﬁeld. These axions arise generically in string com-
pactiﬁcations [32–35] where they can yield large-ﬁeld inﬂation 
using monodromy [36–38].
Generically, these two classes are accompanied by an ob-
servational discriminator. Inﬂation produces primordial curvature 
perturbations and gravitational waves with nearly scale-invariant 
power spectra (2R ∼ H2/ , and 2T ∼ H2, respectively) origi-
nating as quantum ﬂuctuations stretched to super-horizon wave-
lengths. The fractional power in gravity waves (tensor modes) 
r = 2T /2R = 16 is controlled by the ﬁrst slow-roll parameter 
 = Lkin/2H2  1. Its smallness enforces a vacuum-energy like 
equation of state during inﬂation which is necessary to drive ac-
celerated expansion. For a large class of models the slow-roll of the 
inﬂaton translates into a monotonically increasing evolution of  . 
This leads to a relation between φ60 and the scale of inﬂation 
H which implies that large-ﬁeld inﬂation is necessary to produce 
a sizable tensor mode fraction r  0.01 in reach technologically 
during the next few years [39].1
By being tied to the scale of inﬂation, the tensor mode fraction 
r is an inﬂationary observable which will at most have a statisti-
cal description on the landscape. Hence, we need to determine the 
distribution of inﬂationary vacuum energies for accessible regions 
of the landscape. A guiding motivation here is that an analysis 
1 Exceptions to this generic situation can arise, if the scalar potential is tuned to 
avoid a monotonic evolution of  [40,41], if a second scalar ﬁeld provides additional 
vacuum energy as in hybrid inﬂation [14], or if there are additional light degrees of 
freedom coupled to the inﬂaton whose quantum vacuum ﬂuctuations can convert 
back into additional tensor modes if properly arranged [42–44]. under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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zero on the landscape has already been successful in providing 
an anthropic explanation of the smallness of the observed posi-
tive late-time cosmological constant (c.c.) [15,45]. The vacuum en-
ergy distribution very roughly factors into a contribution coming 
from a number count of inﬂationary solutions, and a cosmological 
factor which involves vacuum transitions described by tunneling 
events [46] and the subtleties of eternal inﬂation.
Recent work has analysed the tunneling contribution the cos-
mological probability distribution factor [47–56]. This led to the 
surprising answer that the physics of tunneling-mediated vacuum 
transitions and eternal inﬂation largely decouple from the distri-
bution of vacuum energies parametrically smaller than the Planck 
density [54]. Hence, the cosmological prior is ﬂat which leaves 
the inﬂationary vacuum energy distribution on the landscape to 
be determined to leading order by model realisation and vacuum 
counting. We are thus left with comparing the relative number 
frequencies of small-ﬁeld and large-ﬁeld inﬂation models on an 
accessible region of the landscape which we here choose to be the 
landscape of type IIB ﬂux compactiﬁcations on warped Calabi–Yau 
manifolds (CYs).
Hence, in this note we determine the number frequency count 
of small-ﬁeld inﬂation models on the landscape of supersymmet-
ric type IIB CY ﬂux vacua. Using random matrix theory applied to 
supergravity [25,57,58], we ﬁnd that there are exponentially many 
more small-ﬁeld inﬂation models in the moduli potential of the 
type IIB ﬂux landscape than there are proper dS vacua. Compar-
ing this with the restrictions on large-ﬁeld models occurring on 
this landscape discussed in [54], the number frequency count alone 
seems to favour small-ﬁeld inﬂation.
However, knowing the number frequency of a given inﬂationary 
mechanism occurring in the landscape is not by itself suﬃcient to 
answer the question of the inﬂationary mechanism most likely ob-
served by an average low-energy observer. For such an observer, the 
past inﬂationary phase is necessarily connected to the existence 
of a graceful exit: the inﬂaton scalar rolling off the slow-roll re-
gions in a controlled fashion into the next cosmologically viable 
local minimum. Viable minima are those with small positive vac-
uum energy. Finding a graceful exit from a random inﬂationary 
critical point to the closest-by viable dS minimum requires a val-
ley supporting slow-roll towards that dS minimum, which avoids 
instabilities towards any neighbouring typical AdS vacua.
As we will discuss below, the random matrix ensembles de-
scribing a random inﬂationary critical point show the effect of 
eigenvalue repulsion. This tendency of the eigenvalues of a ran-
dom matrix to spread out has a neat physical interpretation by 
Dyson [59] in terms of the mutual Coulomb repulsion a gas 
of charged particles moving in one dimension in a background 
quadratic potential. We see from this picture, that conﬁning the 
eigenvalues of a given critical point to a subset of their full do-
main (as needed for inﬂation) strongly suppresses the number of 
these inﬂationary critical points, rendering them quite atypical in 
a quantiﬁable way. The requirement of a valley supporting a stable 
graceful exit into a viable dS minimum, while passing many AdS 
vacua along the way, amounts to maintaining such an almost posi-
tive eigenvalues spectrum not just for local critical point, but along 
a long path in ﬁeld space. We therefore expect the total frequency 
of low-energy viable inﬂationary mechanisms as seen by an average 
low-energy observer, Pbottom-upi , to behave as the likelihood of get-
ting a given inﬂationary mechanism i in the landscape conditioned
on having a viable graceful-exit valley as well
Pbottom-upi ∼ P inf .i P i,exit. (1)
Here, P inf .i denotes the number frequency of a given inﬂationary 
mechanism occurring in the landscape. This is the quantity we estimate in this work. The graceful-exit likelihood Pi,exit remains 
undetermined at this stage, and we leave its analysis for future 
work.
Given that, strictly speaking, here we will determine only the 
ratios P inf .i /P j,inf . for i, j running over small-ﬁeld accidental and 
large-ﬁeld inﬂation, we should be aware that the ‘graceful exit 
likelihood’ Pi,exit may easily overturn the number frequency count 
enhancement of small-ﬁeld inﬂation. Hence future work will need 
to determine the ‘graceful exit likelihood’ Pi,exit before any state-
ment about the statistically expected level of tensor modes r is 
possible.
2. The Wigner ensemble and random supergravities
The F-term potential of N = 1 supergravity
V = eK (F A F¯ A − 3|W |2) (2)
is the starting point of the analysis of critical points in the land-
scape. As usual F A = ∂AW + W ∂A K and W and K are the super-
potential and the Kähler potential, respectively. Critical points are 
deﬁned by the condition
∂AV |cp = 0 (3)
and can be maxima, minima or saddles. To determine the nature 
of a given critical point one must analyse the eigenvalues of the 
Hessian matrix, deﬁned in terms of the F-term potential as Hmn =
∂mnV where m, n can be holomorphic or anti-holomorphic indices. 
Taking into account the structure of the F-term potential of Eq. (2), 
the Hessian decomposes into a sum of the form
H=HSUSY +HK (3)︸ ︷︷ ︸
Wishart+Wishart
+Hpure +HK (4)︸ ︷︷ ︸
Wigner
+Hshift. (4)
Each of these matrices is deﬁned in terms of the Kähler potential, 
the superpotential and their derivatives [25,58]. For our purposes 
it suﬃces to review the deﬁnitions and some properties of the 
Wishart and Wigner matrices (for a review see [61–63]).
A Wishart matrix [60] is a complex matrix deﬁned as M = AA†
where A is a random N f × N f complex matrix drawn from some 
distribution with mean μ and variance σ : Ω(μ, σ). Its eigenvalue 
spectrum has support on the interval [0, 4N f σ 2[, is peaked to-
wards the origin and is given by the Marchenko–Pastur law [64].
A Wigner matrix is a Hermitian matrix deﬁned as M = A + A†, 
where A is drawn from a distribution Ω(μ, σ). The eigenvalue 
spectrum of the Wigner ensemble is given by the Wigner semi-
circle law
ρ(λ) = 1
2πN f σ 2
√
4N f σ 2 − λ2 (5)
which can be obtained by unconstrained integration of the joint 
probability density function (pdf)
dP (λ1, . . . , λN f ) = exp
(
− 1
σ 2
N f∑
i=1
λ2i
)∏
i< j
(λi − λ j)2 (6)
over all but one variable. Eq. (6) gives the probability of generat-
ing a matrix with eigenvalues in [λi, λi + δλ] and it will be crucial 
for the analysis of the probability of inﬂation in the landscape of 
random supergravities we will present later. A rather useful phys-
ical interpretation of Eq. (6) was put forward by Dyson in [59] in 
terms of a one-dimensional gas of charged particles moving under 
the inﬂuence of an attractive quadratic potential and a repulsive 
mutual interaction. This picture proves very useful in qualitatively 
estimating behaviour of the system.
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ensemble is that for the cases of interest, in which the random ma-
trices are drawn form a distribution Ω(0, 1/
√
2N f ), it has support 
on the interval [−√2, √2 ] M2P . So unlike the Wishart ensemble, 
which has all eigenvalues positive, a typical N f × N f matrix in the 
Wigner ensemble will have N f /2 tachyonic directions.
The typical eigenvalue spectrum of random supergravities, as 
deﬁned by H, was found analytically in [58] through the free con-
volution of the constituent spectra. The spectrum has support in 
∼ [−0.7, 7.5] M2P (for Minkowski vacua) and so it typically features 
several tachyonic directions, meaning that the most likely critical 
points in random supergravity are steep saddles rather than a local 
minima.
While the eigenvalue spectrum of the full random supergravity 
is distinct from that of a Wigner matrix, it is certainly true that 
its tachyonic part has its origin in the Wigner matrix since the 
spectrum of the sum of Wishart matrices is positive deﬁnite.
The presence of the positive semi-deﬁnite contribution from 
the Wishart matrices in the full random supergravity leads to a 
substantially enhanced frequency of local minima compared to a 
Wigner matrix based estimated. However, as the frequency of in-
ﬂationary regions relative to local minima is dominated by the 
tachyonic part of the spectrum originating in the Wigner matrix 
spectrum alone, this relative likelihood of inﬂation is still deter-
mined to leading order by the Wigner matrix estimate in the full 
random supergravity as well. Conversely, the absolute frequency of 
inﬂationary regions will be enhanced in the full random supergrav-
ity proportional to the increased occurrence of local minima.
Studies of the string landscape often involve computation of the 
probability of occurrence of critical points, with particular empha-
sis on minima, suited for description of the present day Universe. 
These spectra correspond a large the shift of the smallest eigen-
value to the right of its typical position and are exponentially 
unlikely [57,58,65]:
Pmin ∼ e−cN
p
f +O(N), p ∼O(1). (7)
In this letter we analyse small ﬁeld inﬂation in the same light 
and try to determine how likely it is to ﬁnd suﬃciently ﬂat sad-
dle points in the landscape using the Wigner ensemble as our 
main tool. The reasons to approximate the full Hessian by a sin-
gle Wigner matrix are twofold: ﬁrstly it is the Wigner matrix that 
gives rise to the tachyonic directions and so by focusing on these 
one hopes to uncover the inﬂationary structure behind the full 
Hessian; secondly for the Wigner ensemble we are in possession 
of the joint pdf, Eq. (6), whose numerical integration allows us 
to estimate probabilities without recurring to direct counting. The 
joint pdf that lies behind the full Hessian of random supergravi-
ties, Eq. (4), is unknown and so direct counting, the generation of 
large samples of matrices and the counting of the ones that have 
the spectra we are looking for, is the only probe available. Since we 
are looking for minima and ﬂat saddle points, which are extremely 
rare events, direct counting is computationally expensive.
We therefore focus our analysis on the Wigner ensemble, pre-
senting the results in the next section.
3. Inﬂation in the landscape
We start by deriving an identity regarding the probability of 
ﬁnding ﬂat saddle points in the Wigner landscape. As explained 
above, the distribution of saddle points in a random supergravity 
will be given by the Wigner ensemble as the leading approxima-
tion to the full supergravity Hessian. By simple manipulation of 
the integration limits it is possible to prove that inﬂationary saddle 
points are exponentially more abundant than minima with masses greater than the inﬂationary mass. For our purposes, q-ﬁeld inﬂa-
tion happens in a saddle point in which q ﬁelds have masses in 
the range [−η, η] and N f − q ﬁelds in [η, ∞[, for suitably small 
η > 0.
The probability for generating a Wigner matrix with all eigen-
values greater than −η can be found by integration of the joint 
pdf:
P (∀λ > −η) =
N f∏
i=1
∞∫
−η
dλidP (λ1, . . . , λN f )
=
N f∑
n=0
N f !
n!(N f − n)!
n∏
i=1
η∫
−η
dλi
N f∏
j>n
∞∫
η
dλ jdP . (8)
In going from the ﬁrst to the second line of (8) we have simply 
split the integration region into [−η, ∞[ = [−η, η[ ∪ [η, ∞[ for 
each λ, taking care to include the correct combinatorial factors. Us-
ing Dean and Majumdar’s result regarding the probability of large 
ﬂuctuations of extreme eigenvalues for the Wigner ensemble [65]
P (∀λ > ξ) = e−2Φ(ξ)N2f , (9)
where Φ(ξ) is given by
Φ(ξ) = 1
108
[
36ξ2 − ξ4 + (15ξ + ξ3)√6+ ξ2
+ 27(log18− 2 log(−ξ +√6+ ξ2 ))], (10)
one may write Eq. (8) as
P (inf )
P (∀λ > η) = e
2cN2f − 1, (11)
with c ≡ Φ(η) − Φ(−η). Henceforth P (inf ) denotes the total 
probability for inﬂation, deﬁned as the sum over all possible in-
ﬂationary dynamics for a given N f , i.e.
P (inf ) =
N f∑
q=1
P (q − inf ). (12)
In a manifestation that it is statistically more expensive to dis-
place the lowest eigenvalue to η than to −η, we see that c > 0
and so ﬂat saddle points, suited for inﬂation, are exponentially 
more frequent in the landscape than minima with all masses larger 
than η.
The main aim of this work is to determine the ratio
P (inf )/P (min), where we deﬁne P (min) = P (∀λ > 0). Once again 
the results of [65] allow us to push ahead. Noting that
P (min)
P (∀λ > η) = e
−2(Φ(0)−Φ(η))N2f ≡ e−2˜cN2f (13)
one ﬁnds
P (inf )
P (min)
= (e2cN2f − 1)e2˜cN2f ∼ e2ηΦ ′(0)N2f +O(η2). (14)
We therefore expect inﬂationary saddle points to be exponentially 
more abundant than local minima in the Wigner landscape.
In order to conﬁrm and extend the above results we estimate 
the relevant probabilities by Monte Carlo integration of Eq. (6), 
setting η = 0.1, in the window N f ∈ [2, 16]. We then ﬁt the rel-
evant probabilities for each value of N f to the exponential law of 
Eq. (9) as is expected from the theory of large eigenvalue ﬂuctua-
tions developed in [65]. The results are presented in Table 1. We 
see that our method systematically overestimates the probabilities 
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Analytical estimates and ﬁts to numerical data.
Analytical Fit
P (λ > −η) 0.447 0.429± 0.004
P (min) 0.549 0.530± 0.004
P (λ > η) 0.665 0.645± 0.004
P (inf ) – 0.403± 0.002
Fig. 1. Probability for inﬂation as a function of N f . In blue (lower line) the analytical 
estimate of Eq. (15) and in red (upper line) the best ﬁt of Table 1.
of occurrence of these rare events. This is reﬂected on a shift of 
the ﬁtted parameters on the level of a few percent. We stress that 
even though the error bars cannot account for this deviation, the 
fact that the numerical and analytical results show the same trend 
lends credibility to our results.
In Fig. 1 we plot the probability for ﬁnding an inﬂationary sad-
dle point in the landscape, presenting both the data points, the 
analytical estimate [66]
P (inf ) = e−2Φ(−η)N2f − e−2Φ(η)N2f (15)
and the best ﬁt of Table 1.
As anticipated ﬂat saddle points, like minima, are extremely 
unlikely in the Wigner landscape as they correspond to large ﬂuc-
tuations of the smallest eigenvalue. However since it is statistically 
costlier to displace the smallest eigenvalue to 0 than to −η = −0.1, 
ﬂat saddle points are exponentially more abundant than local min-
ima as is illustrated in Fig. 2. The ratio given by
P (inf )
P (min)
∼
{
e0.127N
2
f ﬁtted,
e0.109N
2
f analytical.
(16)
We will now relate this behaviour in terms of the cutoff η on 
the mass of the ﬁelds to the 2nd slow-roll condition ηV = η/V < 1. 
For this purpose, we note that our results above were obtained by 
choosing the variance of the Wigner ensemble to be σ = 1/√2N f . 
This approximates a random supergravity where the mass eigen-
values distribute according to the Wigner semi-circle law on a 
range [−√2, √2 ] in units of MP . The crucial point to observe is 
that a typical supergravity landscape has both its typical potential 
energy and mass eigenvalue scale characterised by the gravitino 
mass m3/2 = eK/2W as this controls the typical size of the indi-
vidual contributions in (2): |〈V 〉| ∼m23/2 ∼
√
〈(∂i∂ j V )2〉. Therefore, 
the choice σ = 1/√2N f with its typical mass eigenvalue size of 
O(1) describes random supergravities with m3/2 ∼O(1). Since for 
such supergravities we then also have |〈V 〉| ∼ m23/2 ∼ O(1), we 
have η ∼ ηV and a cutoff η < 1 in the integrations of (8) directly 
implies slow-roll. The study of actual string theory derived ex-
ample landscapes [16,17,67,68] points to scenarios where |〈V 〉| ∼Fig. 2. P (inf )/P (min): Inﬂationary saddle points are exponentially more likely than 
local minima in the Wigner landscape. In blue (lower line) the analytical estimate 
and in red (upper line) the best ﬁt.
m23/2  M2GUT ∼ 10−5. We can now use the Wigner semi-circle law 
(5) together with the joint pdf (6) to rescale σ → σm23/2 which 
will approximate the mass eigenvalue distribution of a random su-
pergravity with |〈V 〉| ∼
√
〈(∂i∂ j V )2〉 ∼ m23/2 and eigenvalue range 
[−√2m3/2, 
√
2m3/2]. This forces us to rescale the integration lim-
its in (8) to ±ηm23/2. As we now have 
√
〈(∂i∂ j V )2〉 ∼m23/2, we now 
get that the 2nd slow-roll parameter ηV = ηm23/2/
√
〈(∂i∂ j V )2〉 ∼ η
is again speciﬁed by the original cutoff η < 1. Therefore, the ex-
ponential enhancement which we found above for m3/2 ∼ O(1)
generalises to the known string landscape regions which can be 
approximated by random supergravities with m3/2  MGUT con-
trolling both the typical size of the scalar potential and the mass 
matrix eigenvalue size.
Note that this exponential enhancement is estimated conserva-
tively, as the random matrix description of the critical points of 
a random supergravity by deﬁnition selects for either minima or 
saddle points. Yet, small-ﬁeld inﬂationary regions do exist on al-
most ﬂat inﬂection points of the scalar potential as well, with a 
tuning cost comparable to that of ﬂat saddle point. Therefore, our 
method is conservative in that it underestimates the total rate of 
small-ﬁeld inﬂationary regions occurring in a given random super-
gravity.
The same method that lead us to the above conclusions also al-
lows us to discern what is the preferred inﬂationary dynamics for 
a given N f . Dyson’s interpretation of Eq. (6) in terms of a gas of 
charged particles gives us a hint of what behaviour to expect. For 
any particular value of N f there are N f possible types of inﬂation-
ary dynamics: from single ﬁeld to N f ﬁeld inﬂation. Single ﬁeld 
inﬂation corresponds to having only one eigenvalue in the range 
[−η, η] and the remaining N f − 1 in [η, ∞[. For large values of 
N f this is highly unlikely since eigenvalue repulsion in the interval 
[η, ∞[ would tend to push one or more eigenvalues into the inﬂa-
tionary region. On the other hand N f ﬁeld inﬂation is also very 
rare, since it corresponds to squeezing all eigenvalues in the nar-
row range [−η, η], leading to a conﬁguration where the repulsive 
force would tend to push some eigenvalues out of this interval. 
Somewhere between these two limiting cases one can ﬁnd the 
most likely behaviour. In Fig. 3 we plot the ratio P (q − inf )/P (inf )
as a function of N f for η = 0.1.
We observe that the transition from single to two ﬁeld inﬂa-
tion happens at N f = 5 with the next transitions from 2 to 3 and 
3 to 4 ﬁeld inﬂation happening around 8 and 12, respectively. We 
note that the values for which the various transitions happen de-
pend strongly on η: the larger the η the sooner the transitions will 
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of the ﬁeld space N f .
happen. A quantitative understanding may be developed by study-
ing the distribution of spacings between adjacent eigenvalues.
Next, we recall that the minimum total number of e-folds 
of slow-roll inﬂation at a critical point scales with η as Ntot ∼
1/|η| [47,52,66]. The question of whether we should select for 
the maximum amount of slow-roll inﬂation (due to the maximised 
3-volume growth) or not amounts to a choice of the measure of 
eternal inﬂation. Therefore the answer to the question whether we 
expect single-small-ﬁeld or multi-small-ﬁeld inﬂation to dominate 
the small-ﬁeld regime likely depends on the choice of the measure.
The presence of several ﬁelds contributing to inﬂation close to 
a saddle point or inﬂection point has the potential of generating 
local non-Gaussianity which is absent in the single-ﬁeld case. As 
this is tied to the relative importance of single-ﬁeld versus multi-
ﬁeld, statements about possible non-Gaussianity emanating from a 
multi-small-ﬁeld regime again likely depend on the choice of the 
measure. We leave this for future work.
4. Conclusions
In this note we have determined the number frequency count 
of small-ﬁeld inﬂation models on the landscape of supersymmet-
ric type IIB CY ﬂux vacua. As the effective 4D theory of both dS 
vacua and small-ﬁeld modular inﬂation models in this region of 
the landscape is described by 4D N = 1 supergravity, we have 
used random matrix theory to describe the region’s vacuum struc-
ture in terms of a random supergravity [25,58]. Meta-stable dS 
vacua require a fully positive-deﬁnite mass matrix (Hessian). Such 
Hessians constitute an exponentially suppressed ﬂuctuation of all 
eigenvalues to positivity in the context of the theory of the ran-
dom Hessians from 4D N = 1 supergravity. Consequently, we ex-
pected small-ﬁeld inﬂation models which relax the positivity for at 
least one of the eigenvalues to be favoured compared to full meta-
stability. Our analysis of the Wigner ensemble giving the leading 
order description of this effect in random supergravity matched 
this expectation. We ﬁnd that there are exponentially many more 
small-ﬁeld inﬂation models in the moduli potential of the type IIB 
ﬂux landscape than there are proper dS vacua. The analysis of the 
frequency of large-ﬁeld models and the cosmological probability 
factor in [54] led to an estimate for the relative likelihood of large-
ﬁeld inﬂation
Pφ60>MP
Pφ60<MP
∼ 〈h1,1− 〉 βh1,1− ≥1
βﬂat saddle
. (17)
We may now plug in that [54] βh1,1− ≥1 < 1 (not all CYs will 
support the topological requirements for axion monodromy) and 
〈h1,1− 〉 < h1,1  O(100), as well as our results here βﬂat saddle ∼exp(+δcN2f )  1. Finally, we note that the small-ﬁeld model en-
hancement βﬂat saddle is the largest for the least tuned saddle points 
with |η| ∼O(0.1). Upon imposing COBE normalisation on the gen-
eration of inﬂationary curvature perturbations, these saddle points 
also have the largest energy scales of all small-ﬁeld models, and 
in turn only moderately sub-Planckian ﬁeld ranges. Hence, the fre-
quency count favours small-ﬁeld inﬂation with near-Planckian ﬁeld 
range.
However, cosmologically viable inﬂationary regions must exit 
‘gracefully’ by rolling into a meta-stable dS minimum. The likeli-
hood of such graceful exits may be completely uncorrelated with 
the existence of slow-roll critical points in the landscape. As such, 
the ‘graceful exit likelihood’ may overturn the number frequency 
count enhancement of small-ﬁeld inﬂation. Hence, we would need 
to determine the ‘graceful exit likelihood’ before any deﬁnite state-
ment can be made about the statistically expected level of tensor 
modes r. This is left for future work.
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